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Abstract

Purpose – In 1979, P. Wintgen obtained a basic relationship between the extrinsic normal curvature the
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Sasakian space form endowed with a quarter symmetric metric connection.
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inequality for bi-slant submanifold in conformal Sasakian space form endowed with a quarter symmetric
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1. Introduction
In 1980, I. Vaisman [1] introduced the concept of conformal changes (or deformation) of
almost contact metric structures as follows: Let ~M be a (2n þ 1)-dimensional manifold
endowedwith an almost contact metric structure (w, ξ, η, g). A conformal change of the metric
g leads to a metric which is no more compatible with the almost contact structure (w, ξ, η).
This can be corrected by a convenient change of ξ and η which implies rather strong
restrictions. Using this definition, a new type of almost contact metric structure (w, ξ, η, g) on a
(2n þ 1)-dimensional manifold ~Mwhich is said to be a conformal Sasakian structure if the

structure (w, ξ, η, g) is conformal related to a Sasakian structure ð~w;~ξ; ~η; ~gÞ.
The Wintgen inequality is a sharp geometric inequality for surfaces in four-dimensional

Euclidean space involving Gauss curvature (intrinsic invariants), normal curvature and
square mean curvature (extrinsic invariants). P. Wintgen [2] proved that the Gauss curvature
K, the normal curvatureK⊥ and the squared mean curvature kHk2 for any surface ~M2

in E4

satisfy the inequality [3] as follows:

kHk2 ≥K þ jK⊥j

and the equality holds if and only if the ellipse of curvature of ~M2
in E4 is a circle. Later, it was

extended by I. V. Gaudalupe et al. [4] for arbitrary codimension m in real space forms

~Mðmþ2ÞðcÞ as follows:
kHk2 þ c≥K þ jK⊥j:

In 1999, De Smet, Dillen, Verstraelen and Vrancken [5] conjectured the generalized Wintgen
inequality for submanifolds in real space form. The conjecture is known as DDVV conjecture.
It had been proved by Lu [6] and by Ge and Tang [7] independently. In 2014, Ion Mihai [8]
established such inequality for Lagrangian submanifold in complex space form. They
provided some applications and also stated such an inequality for slant submanifolds in
complex space forms. However, the year 2014 is not the stopping point in investigating
Wintgen inequality and some additional steps have been taken in the development of the
theory. In fact, many remarkable articles were published in the recent years and several
inequalities of this type have been obtained for other classes of submanifolds in several
ambient spaces for example, for statistical submanifolds in statistical manifolds of constant
curvature [9]; for Legendrian submanifolds in Sasakian space forms [10]; for submanifolds in
statistical warped product manifolds [11]; for quaternionic CR-submanifolds in quaternionic
space forms [12]; for submanifolds in generalized (κ, μ)-space forms [13]; for totally real
submanifolds in LCS-manifolds [14] and so on. For more details, see [15].

In the present article, we obtain the generalized Wintgen inequalities for conformal
Sasakian space forms. The equality case of the main inequality is investigated. Lastly, we
discuss such inequality for various slant cases as an application of the obtained inequality.

2. Preliminaries
2.1. Sasakian manifold
An odd-dimensional Riemannian manifold ð ~M; gÞ is said to be an almost contact metric
manifold [16] if there exist a tensorw of type (1, 1), a vector field ξ (structure vector field) and a
1-form η on ~M satisfying

w2X ¼ −X þ ηðXÞξ; ηðξÞ ¼ 1; (2.1)

wξ ¼ 0; η8ξ ¼ 0; gðX ; ξÞ ¼ ηðXÞ; (2.2)
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and
gðwX ;wY Þ ¼ gðX ;Y Þ � ηðXÞηðY Þ; (2.3)

for any X ;Y ∈ΓðT ~MÞ. The two-form Φ is called the fundamental two-form in ~M and the
manifold is said to be a contact metric manifold if

Φ ¼ dη:

A Sasakian manifold is a normal contact metric manifold. In fact, an almost contact metric
manifold is Sasakian manifold if and only if we have�

∇Xw
�
Y ¼ gðX ;Y Þξ� ηðY ÞX ;

for any X ;Y ∈ΓðT ~MÞ, where ∇ denotes the Riemannian connection.
A plane section π in Tp

~M is called a w-section if it is spanned by X and wX, where X is a
unit tangent vector orthogonal to ξ. The sectional curvature of a w-section is called a
w-sectional curvature. A Sasakianmanifoldwith constantw-sectional curvature c is said to be

a Sasakian space form and denoted by ~MðcÞ. The curvature tensor of a Sasakian space form
~MðcÞ is given by [16].

RðX ;Y ÞZ ¼ ðcþ 3Þ
4

fgðY ; ZÞX � gðX ; ZÞYg þ ðc� 1Þ
4

ηðZÞηðY ÞX

� ηðXÞY þ ðgðY ; ZÞηðXÞ � gðX ; ZÞηðY ÞÞξ� gðwY ; ZÞwX

þ gðwX ; ZÞwY þ 2gðwX ;Y ÞwZ ;

for any X ;Y ; Z ∈ΓðT ~MÞ.

2.2. Conformal Sasakian manifold
A (2n þ 1)-dimensional Riemannian manifold ~M endowed with the almost contact metric
structure (w, η, ξ, g) called a conformal Sasakian manifold if for a C∞ function

f : ~M→R

there exists [3].

~g ¼ expðf Þg; ~ξ ¼ ðexpð−f ÞÞ
1
2ξ;

~η ¼ ðexpðf ÞÞ
1
2η; ~w ¼ w

such that ð ~M; ~w;~ξ; ~gÞ is a Sasakian manifold.
Let ~∇ and ∇ denote connections of ~M related to metrics ~g and g, respectively. Using

Koszul formula, we derive the following relation between the connections ~∇ and ∇:

~∇XY ¼ ∇XY þ 1

2
fωðXÞY þ ωðY ÞX � gðX ;Y Þωg;

for anyX ;Y ∈Γð ~MÞ so thatω(X)5X(f) andω# is vector field of metrically equivalent to one
form of ω, i.e. g(ω#, X) 5 ω(X). The vector field ω# 5 grad f is called the Lee vector field of

conformal Sasakian manifold ~M.
The (2nþ 1)-dimensional conformal Sasakian manifold with constant sectional curvature

c, denoted by ~MðcÞ, is called a conformal Sasakian space form and its curvature tensor is
given by [3].
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g
�
RðX ;Y ÞZ ;W

�
¼ expðf Þ cþ 3

4
gðY ; ZÞgðX ;W Þ � gðX ; ZÞgðY ;W Þð Þ

�

þ c� 1

4
ηðXÞηðZÞgðY ;W Þ � ηðY ÞηðZÞgðX ;W Þð

þ gðX ; ZÞgðξ;W ÞηðY Þ � gðY ; ZÞgðξ;W ÞηðXÞ

� gðwY ; ZÞgðwX ;W Þ � gðwX ; ZÞgðwY ;W Þ

� 2gðwX ;Y ÞgðwZ ;W ÞÞ
�
� 1

2
BðX ; ZÞgðY ;W Þð

� BðY ; ZÞgðX ;W Þ þ BðY ;W ÞgðY ; ZÞ � BðX ;W ÞgðY ; ZÞÞ

� 1

4
kωk2 gðX ; ZÞgðY ;W Þ � gðX ;W ÞgðY ; ZÞð Þ;

(2.4)

for any X ;Y ; Z ;W ;ω; ξ∈ΓðT ~MÞ, where Bd∇ω− 1
2
ω⊗ω.

2.3. Quarter-symmetric metric connection

Let ~M be an (2nþ 1)-dimensional Riemannian manifold with Riemannian metric g and∇ be

the Levi-Civita connection on ~M. Let ~∇ be a linear connection defined by [17].

~
∇XY ¼ ∇XY þ Λ1λðY ÞX � Λ2gðX ;Y ÞV; (2.5)

for any X ;Y ∈Γð ~MÞ, Λ1 and Λ2 are real constants and V is the vector field on ~M such that

λðXÞ ¼ gðX ;VÞ, where λ is 1-form. If ~∇g ¼ 0, then ~
∇ is known as quarter-symmetric metric

connection and ~
∇g ≠ 0, then ~

∇ is known as quarter-symmetric non-metric connection.

Decomposing the vector field V on ~M uniquely into its tangent and normal components VT

and V⊥, respectively.
The special cases of (2.5) can be obtained as follows:

(1) when Λ1 5 Λ2 5 1, then the above connection reduces to semi-symmetric metric
connection and

(2) when Λ1 5 1 and Λ2 5 0, then the above connection reduces to semi-symmetric non-
metric connection.

For any X ;Y ; Z ;W ∈ΓðT ~MÞ, the curvature tensor with respect to ~
∇ is given by

~RðX ;Y ÞZ ¼ ~
∇X

~
∇YZ � ~

∇Y
~
∇XZ � ~

∇½X ;Y �Z : (2.6)

On using (2.5), the curvature tensor (2.6) takes the form [17] as follows:

~RðX ;Y ; Z ;W Þ ¼ RðX ;Y ; Z ;W Þ þ Λ1αðX ; ZÞgðY ;W Þ � Λ1αðY ; ZÞgðX ;W Þ
þ Λ2αðY ;W ÞgðX ; ZÞ � Λ2αðX ;W ÞgðY ; ZÞ þ Λ2ðΛ1 � Λ2Þ
gðX ; ZÞβðY ;W Þ � Λ2ðΛ1 � Λ2ÞgðY ; ZÞβðX ;W Þ;

(2.7)

where α and β are (0, 2)-tensors and defined as follows:

αðX ;Y Þ ¼
�
∇Xλ

�
ðY Þ � Λ1λðXÞλðY Þ þ Λ2

2
gðX ;Y ÞλðVÞ;
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and

βðX ;Y Þ ¼ λðVÞ
2

gðX ;Y Þ þ λðXÞλðY Þ:

The curvature tensor of conformal Saasakian space form ~MðcÞ with a quarter-symmetric

connection ~
∇ is given by

g
�
~RðX ;Y ÞZ ;W

�
¼ expðf Þ cþ 3

4
gðY ; ZÞgðX ;W Þ � gðX ; ZÞgðY ;W Þð Þ

�

þ c� 1

4
ηðXÞηðZÞgðY ;W Þ � ηðY ÞηðZÞgðX ;W Þð

þ gðX ; ZÞgðξ;W ÞηðY Þ � gðY ; ZÞgðξ;W ÞηðXÞ

� gðwY ; ZÞgðwX ;W Þ � gðwX ; ZÞgðwY ;W Þ

� 2gðwX ;Y ÞgðwZ ;W ÞÞg � 1

2
BðX ; ZÞgðY ;W Þð

� BðY ; ZÞgðX ;W Þ þ BðY ;W ÞgðY ; ZÞ � BðX ;W ÞgðY ; ZÞÞ

� 1

4
kωk2 gðX ; ZÞgðY ;W Þ � gðX ;W ÞgðY ; ZÞð Þ

þ Λ1αðX ; ZÞgðY ;W Þ � Λ1αðY ; ZÞgðX ;W Þ

þ Λ2gðX ; ZÞαðY ;W Þ � Λ2gðY ; ZÞαðX ;W Þ

þ Λ2ðΛ1 � Λ2ÞgðX ; ZÞβðY ;W Þ

� Λ2ðΛ1 � Λ2ÞgðY ; ZÞβðX ;W Þ:

(2.8)

For simplicity, we have put tr(α) 5 a and tr(β) 5 b.
LetM be anm-dimensional submanifold of a (2n þ 1)-dimensional conformal Saasakian

space form ~MðcÞ. We consider the induced quarter-symmetric connection onM represented

by ~∇
M

and the induced Levi-Civita connection denoted by ∇M. Let R and RM be the

curvature tensors of ~∇
M

and ∇M. Then, the Gauss equation is given by

~RðX ;Y ; Z ;W Þ ¼ RðX ;Y ; Z ;W Þ � gðhðX ;W Þ; hðY ; ZÞÞ þ gðhðY ;W Þ; hðX ; ZÞÞ
þ ðΛ1 � Λ2Þg

�
hðY ; ZÞ;V⊥

�
gðX ;W Þ

þ ðΛ2 � Λ1Þg
�
hðX ; ZÞ;V⊥

�
gðY ;W Þ;

(2.9)

where h is the second fundamental form ofM in ~Mwith respect to ~
∇ and defined as follows:

hðX ;Y Þ ¼ h0ðX ;Y Þ � Λ2gðX ;Y ÞV⊥:

Here, h0 is the second fundamental form of M in ~M with respect to ∇ and g denotes the
Riemannian metric on M.

For any X ∈ΓðTMÞ, we can write wX5 PXþ SX, where the PX (respectively, SX) is the
tangential component (respectively normal component) of wX. If P5 0, then the submanifold
is anti-invariant and if S 5 0, then the submanifold is invariant. The squared norm of P at
p∈M is given as follows:
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kPk2 ¼
Xm
i;j¼1

g2ðwei; ejÞ; (2.10)

where {e1, . . ., em} is any orthonormal basis of TpM and p∈M. The structure vector field ξ
can be decomposed as ξ5 ξT þ ξ⊥, where ξT and ξ⊥ are tangential and normal components
of ξ.

The notion of bi-slant submanifolds was introduced by A. Carriazo et al. as a natural
generalization of CR, slant, semi-slant and hemi-slant submanifolds (see [18–20]). Recently,
S. Uddin andB.-Y. Chen studied bi-slant and pointwise bi-slant submanifolds for their warped
products in [21, 22]. A submanifold M of an almost contact-metric manifold ~M is called
bi-slant submanifolds, whenever we have

(1) TMm ¼ Dθ1 ⊕Dθ1 ⊕ CξD and

(2) wDθ1 ⊥Dθ2 and wDθ2 ⊥Dθ1

where Dθ1 and Dθ2 are two orthogonal distributions of M with slant angle θ1 and θ2,
respectively.

LetMbe a bi-slant submanifold of a conformal Sasakian space form ~M. We assume that
dimðMÞ ¼ m ¼ 2m1 þ 2m2 þ 1, where dimðDθ1Þ ¼ m1 and dimðDθ2Þ ¼ m2. Let {e1, . . .,
em 5 ξ} be an orthonormal basis of TpM at p in Mwith

e1; e2 ¼ secθ1Pe1; . . . ; e2m1−1; e2m1
¼ secθ1Pe2m1−1; e2m1þ1; e2m1þ2 ¼ secθ2Pe2m1þ1; . . . ;

e2m1þ2m2−1; e2m1þ2m2
¼ secθ2Pe2m1þ2m2−1; e2m1þ2m2þ1 ¼ ξ,

from which we have [23] as follows:

g2ðweiþ1; eiÞ ¼ cos2θ1; for i ¼ 1; 2; . . . ; 2m1 − 1
cos2θ2; for i ¼ 2m1 þ 1; . . . ; 2m1 þ 2m2 − 1:

�
Thus, we have Xm

i;j¼1

g2ðwei; ejÞ ¼ 2
�
m1 cos

2θ1 þm2 cos
2θ2
	
:

In fact, semi-slant, pseudo-slant, CR and slant submanifolds can be obtained from
bi-slant submanifolds in particular. We can see the cases in the following Table 1:

The special case of slant submanifold are invariant and anti-invariant if θ5 0 and θ ¼ π
2,

respectively. The slant submanifold is said to be proper slant and proper bi-slant
submanifold, if 0 < θ < π

2 and θi lies between 0 and π
2.

S N Mm Dθ1 Dθ2 θ1 θ2

(1) Bi-slant Slant distribution Slant distribution Slant angle Slant angle
(2) Semi-slant Invariant distribution Slant distribution 0 Slant angle
(3) Pseudo-slant Slant distribution Anti-invariant

distribution
Slant angle π

2

(4) Contact CR Invariant distribution Anti-invariant
distribution

0 π
2

(5) Slant Either Dθ1 ¼ 0 or Dθ2 ¼ 0 Either θ15 θ25 θ or θ15 θ2
≠ θ

Table 1.
Different types of
submanifolds
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3. Main inequalities
In [10], Mihai discussed the generalized Wintgen inequality for Legendrian submanifolds in
Sasakian space forms. He also stated such an inequality for contact slant submanifolds in
Sasakian space forms. Thus, in this section, we obtain such an inequality in terms of the
invariant ρM (called normalized scalar-normal curvature) for bi-slant submanifolds of

dimensionm in a (2nþ 1)-dimensional conformal Sasakian space form ~M. Consider the local
orthonormal tangent frame {e1, . . ., em} of the tangent bundle TM of M and a local

orthonormal normal frame {emþ1, . . ., e2nþ1} of the normal bundle T⊥M ofM in ~M. At any
p∈M, the scalar curvature τ at that point is given by

T ¼
X

1≤i<j≤m

Rðei; ej; ej; eiÞ: (3.1)

The mean curvature H of submanifold is given by

H ¼ 1

m

Xm
i¼1

hðei; eiÞ:

Conveniently, let us put

h
r
ij ¼ gðhðei; eiÞ; erÞ;

for any i, j 5 {1, . . ., m} and r 5 {m þ 1, . . ., 2n þ 1}.
We denote byK and R⊥, the sectional curvature function and the normal curvature tensor

on M, respectively. Then the normalized scalar curvature ρ is given by [8].

ρ ¼ 2τ
mðm� 1Þ ¼

2

mðm� 1Þ
X

1≤i<j≤m

κðei∧ejÞ: (3.2)

In term of the components of the second fundamental form, we can express the scalar normal
curvature κM of M by the formula [8].

κM ¼
X

1≤r<s≤2n−mþ1

X
1≤i<j≤m

Xm
t¼1

h
r
jth

s
it � h

r
jth

s
it

 !2

; (3.3)

and the normalized scalar normal curvature is given by [8].

ρM ¼ 2

mðm� 1Þ
ffiffiffiffiffiffiffi
κM

p
: (3.4)

Theorem 3.1. LetM be an m-dimensional bi-slant submanifold in conformal Sasakian space

form ~MðcÞ of dimension (2n þ 1) endowed with a quarter-symmetric connection, then we
have

ρM þ ρ ≤ kHk2 þ expðf Þ cþ 3

4
� c� 1

2m
þ 3ðc� 1Þ
4mðm� 1Þ

�
m1 cos

2θ1 þm2 cos
2θ2
�� �

þtrðBÞ
m

þ 1

4
kωk2 � ðΛ1 þ Λ2Þ

a

m
þ Λ2ðΛ1 � Λ2Þ

b

m
� ðΛ2 � Λ1ÞλðHÞ

� �
:

(3.5)
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Moreover, the equality case holds in the above inequality at a point p∈M if and only if, with
respect to some suitable orthonormal basis e1; . . . ; emf g of TpM and ξ1; . . . ; ξ2n−mþ1f g of

T⊥

pM, the shape operators Sγ, γ 5 1, . . ., 2n � m þ 1, take the forms as follows:

S1 ¼

μ1 ζ 0 . . . 0
ζ μ1 0 . . . 0
0 0 μ1 . . . 0

..

. ..
. ..

.
1 ..

.

0 0 0 . . . μ1

0
BBBBB@

1
CCCCCA; (3.6)

S2 ¼

μ2 þ ζ 0 0 . . . 0
0 μ2 � ζ 0 . . . 0
0 0 μ2 . . . 0

..

. ..
. ..

.
1 ..

.

0 0 0 . . . μ2

0
BBBBB@

1
CCCCCA; (3.7)

S3 ¼

μ3 0 0 . . . 0
0 μ3 0 . . . 0
0 0 μ3 . . . 0

..

. ..
. ..

.
1 ..

.

0 0 0 . . . μ3

0
BBBBB@

1
CCCCCA; S4 ¼ � � � ¼ S2n−mþ1 ¼ 0; (3.8)

where μ1, μ2, μ3, and ζ are real numbers.

Proof. Let {e1, . . ., em} and {emþ1, . . ., e2nþ1} be orthonormal tangent frame and orthonormal
normal frame onM, respectively. PuttingX5W5 ei,Y5 Z5 ej, i≠ j in (2.9) and using (2.8),
we obtain

~Rðei; ej; ej; eiÞ ¼ expðf Þ cþ 3

4
gðej; ejÞgðei; eiÞ � gðei; ejÞgðej; eiÞð Þ

�

þ c� 1

4
ηðeiÞηðejÞgðej; eiÞ � ηðejÞηðejÞgðei; eiÞð

þ gðei; ejÞgðξ; eiÞηðejÞ � gðej; ejÞgðξ; eiÞηðeiÞ

� gðwej; ejÞgðwei; eiÞ � gðwei; ejÞgðwej; eiÞ

� 2gðwei; ejÞgðwej; eiÞ
�
� 1

2
Bðei; ejÞgðej; eiÞð

� Bðej; ejÞgðei; eiÞ þ Bðej; eiÞgðei; ejÞ � Bðei; eiÞgðej; ejÞÞ

� 1

4
kωk2 gðei; ejÞgðej; eiÞ � gðej; ejÞgðei; eiÞð Þ

þ Λ1αðei; ejÞgðej; eiÞ � Λ1αðej; ejÞgðei; eiÞ

þ Λ2gðei; ejÞαðej; eiÞ � Λ2gðej; ejÞαðei; eiÞ

þ Λ2ðΛ1 � Λ2Þgðei; ejÞβðej; eiÞ � Λ2ðΛ1 � Λ2Þgðej; ejÞβðei; eiÞ;

� ðΛ1 � Λ2Þg
�
hðej; ejÞ;P⊥

�
gðei; eiÞ

� ðΛ2 � Λ1Þg
�
hðei; ejÞ;P⊥

�
gðej; eiÞ:

(3.9)
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By taking summation 1 ≤ i < j ≤ m of (3.9) and using (2.7), we haveX
1≤i<j≤m

Rðei; ej; ej; eiÞ ¼ expðf Þ
2

ðcþ 3Þmðm� 1Þ
4

þ ðc� 1Þ
4

2� 2mþ 3kPk2
�� �

þ ðm� 1Þ
2

trðBÞ

þ 1

8
mðm� 1Þkωk2 þ 1

2
ðΛ1 þ Λ2Þð1�mÞaþ Λ2ðΛ1 � Λ2Þð1�mÞbf

þ ðΛ2 � Λ1Þmðm� 1ÞλðHÞg þ
X2n−mþ1

r¼1

X
1≤i<j≤m

�
hriih

r
jj �

�
hrij

�2�
;

(3.10)

where

λðHÞ ¼ 1

m

Xm
j¼1

λðhðej; ejÞÞ ¼ g
�
V⊥;H

�
:

Using (2.10) and (3.1), we obtain

τ ¼ expðf Þ
2

ðcþ 3Þmðm� 1Þ
4

þ ðc� 1Þ
4

2� 2mþ 3
�
m1 cos

2θ1 þm2 cos
2θ2
�� �

þ ðm� 1Þ
2

trðBÞ

þ 1

8
mðm� 1Þkωk2 þ 1

2
ðΛ1 þ Λ2Þð1�mÞaþ Λ2ðΛ1 � Λ2Þð1�mÞbf

þ ðΛ2 � Λ1Þmðm� 1ÞλðHÞg þ
X2n−mþ1

r¼1

X
1≤i<j≤m

�
h
r
iih

r
jj �

�
h
r
ij

�2�
:

(3.11)

On the other hand, we have

m2kHk2 ¼
X2n−mþ1

r¼1

Xm
i¼1

h
r
ii

 !2

¼ 1

m� 1

X2n−mþ1

r¼1

X
1≤i<j≤m

�
h
r
ii � h

r
jj

�2

þ 2m

m� 1

X2n−mþ1

r¼1

X
1≤i<j≤m

hriih
r
jj:

(3.12)

Further, from [6], we have

X2n−mþ1

r¼1

X
1≤i<j≤m

�
h
r
ii � h

r
jj

�2
þ 2m

X2n−mþ1

r¼1

X
1≤i<j≤m

�
h
r
ii

�2

≥2m
X

1≤ r<s≤ 2n�mþ1

X
1≤ i<j≤m

h
r
jkh

s
ik � h

r
ikh

s
jk

� �2" #1
2

:

(3.13)

Now, combining (3.3), (3.12) and (3.14), we have

m2kHk2 �m2ρM ≥
2m

m� 1

X2n−mþ1

r¼1

X
1≤i<j≤m

�
h
r
iih

r
jj �

�
h
r
ij

�2�
: (3.14)

Taking into account (3.2), (3.11) and (3.14), we obtain the required inequality.
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Finally, by investigating the equality case of (3.5), the equality sign holds in (3.5) at a point
p∈M if and only if the shape operators take the forms (3.6)–(3.8) with respect to some
suitable tangent and normal orthonormal bases. ,

An immediate consequence of Theorem 3.1 yields the following:

Corollary 3.2. LetMbe aminimal m-dimensional bi-slant submanifold in conformal Sasakian

space form ~MðcÞof dimension (2nþ 1) endowed with a quarter-symmetric connection, then we
have

ρM þ ρ ≤ expðf Þ cþ 3

4
� c� 1

2m
þ 3ðc� 1Þ
4mðm� 1Þ

�
m1 cos

2θ1 þm2 cos
2θ2
�� �

þ trðBÞ
m

þ 1

4
kωk2 � ðΛ1 þ Λ2Þ

a

m
þ Λ2ðΛ1 � Λ2Þ

b

m
� ðΛ2 � Λ1ÞλðHÞ

� �
:

(3.15)

Corollary 3.3. Let M be an m-dimensional submanifold in conformal Sasakian space

form ~MðcÞ of dimension (2nþ 1) endowed with a quarter-symmetric connection, then we have
Table 2:
For the semi-symmetric metric connection Λ1 5 Λ2 5 1, we have

Theorem 3.4. LetM be an m-dimensional bi-slant submanifold in conformal Sasakian space

form ~MðcÞ of dimension (2n þ 1) endowed with a semi-symmetric metric connection, then we
have

ρM þ ρ ≤ kHk2 þ expðf Þ cþ 3

4
� c� 1

2m
þ 3ðc� 1Þ
4mðm� 1Þ

�
m1 cos

2θ1 þm2 cos
2θ2
�� �

þ trðBÞ
m

þ 1

4
kωk2 � 2a

m
:

(3.16)

Corollary 3.5. Let M be an m-dimensional submanifold in conformal Sasakian space form
~MðcÞ of dimension (2n þ 1) endowed with a semi-symmetric metric connection, then we have
Table 3:
For the semi-symmetric non-metric connection Λ1 5 1 and Λ2 5 0, we have

Theorem 3.6. LetM be an m-dimensional bi-slant submanifold in conformal Sasakian space

form ~MðcÞ of dimension (2nþ 1) endowed with a semi-symmetric non-metric connection, then
we have

ρM þ ρ ≤ kHk2 þ expðf Þ cþ 3

4
� c� 1

2m
þ 3ðc� 1Þ
4mðm� 1Þ

�
m1 cos

2θ1 þm2 cos
2θ2
�� �

þ trðBÞ
m

þ 1

4
kωk2 � a

m
� λðHÞ:

(3.17)

Corollary 3.7. Let M be an m-dimensional submanifold in conformal Sasakian space form
~MðcÞ of dimension (2n þ 1) endowed with a semi-symmetric non-metric connection, then we
have Table 4 as follows:
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4. Some examples of conformal Sasakian manifolds
In this segment, we provide some examples of a conformal Sasakian manifolds which is not
Sasakian.

Example 4.1. Let us consider a three-dimensional manifold

~M ¼ ðx1; x2; x3Þ∈R3 : x3 > 0
� 	

;

where (x1, x2, x3) are standard coordinates in R3. We choose the vector fields

v1 ¼ 2
v

vx1
þ x2

v

vx3


 �
; v2 ¼ 2

v

vx2
; v3 ¼ 2

�
ex3=2

� v

vx3
;

which are linearly independent at each point of ~M. Let g be the Riemannian metric defined by

gðvi; vjÞ ¼ 0; i≠ j; i; j ¼ 1; 2; 3; gðv1; v1Þ ¼ gðv2; v2Þ ¼ e−x3 ; gðv3; v3Þ ¼ 1:

Let η be the an 1-form defined by

ηðv3Þ ¼ 1; ηðv2Þ ¼ 0; ηðv1Þ ¼ 0; ηðUÞ ¼ gðU ; v3Þ; ∀ U ∈Γ
�
T ~M

�
:

We define the (1, 1) tensor field w as

wðv1Þ ¼ v2; wðv2Þ ¼ −v1; wðv3Þ ¼ 0:

The linear property of g and w yield that

ηðv3Þ ¼ 1; w2ðUÞ ¼ −U þ ηðUÞv3
gðwU ;wV Þ ¼ gðU ;V Þ � ηðUÞηðV Þ;

for any U ;V ∈Γð ~MÞ. Thus, ð ~M;w; ξ; η; gÞ defines an almost contact metric manifold with
ξ 5 v3 [24]. Then we have

½v1; v2� ¼ −2e−z
1=2

:

Similarly,

½v1; ξ� ¼ x2v3; ½v2; v3� ¼ 0:

The Riemannian connection ∇ of the metric g is given by

2g
�
∇XY ; Z

�
¼ XgðY ; ZÞ þ YgðZ ;XÞ � ZgðX ;Y Þ

�gðX ; ½Y ; Z �Þ � gðY ; ½X ; Z �Þ þ gðZ ; ½X ;Y �Þ:

By Koszul’s formula, we obtain the following

∇v1v2 ¼ −x3v2 � e−x3
1=2

v3; ∇v1v3 ¼ −ex3
1=2ðv1 � v2Þ; ∇v1v1 ¼ −x2v1e

−x3
1=2

v3;

∇v2v1 ¼ −x2v2e
−x3

1=2

v3; ∇v2v2 ¼ x2v1e
−x3

1=2

v3; ∇v2v3 ¼ −e−x3
1=2ðv1 þ v2Þ;

∇v3v3 ¼ x2v1e
x3v1; ∇v3v2 ¼ x2v1 þ e−x3

1=2

v3; ∇v3v1 ¼ −ex3
1=2ðv1 � v2Þ � x2v3:
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Using contact transformation

~w ¼ w; ~ξ ¼ e−x1=2ξ; ~η ¼ ex1=2η; g ¼ ex1g: (4.1)

ð ~M; ~w;~ξ;~η; gÞ is Sasakian manifold. So ~M is a conformal Sasakian manifold but not
Sasakian. Since by the definition, we have

∇v2v3 ≠wv2; (4.2)

for any v1; v2 ∈Γð ~MÞ (for instance∇v2v3 ≠ 0). By using the above results, we can find the non-
vanishing components of Riemannian curvature, Ricci curvature tensor and scalar curvature
as follows:

Rðv1; v2Þv2 ¼ −4v1 þ x2e
−x3

1=2

v3; (4.3)

Rðv1; v3Þv3 ¼ −v1 þ 3v2 þ x2e
−x3

1=2

v3; Rðv2; v3Þv3 ¼ ex3
1=2

v1 þ e−x3
1=2

v2:

In view of above expressions, we turn up the following:

Kðv1; v2Þ ¼ −4ex3 ; Kðv1; v3Þ ¼ −1; Kðv2; v3Þ ¼ ex3ð1� x2Þ:

Note that the sectional curvature of manifold ~M with almost contact-metric structure

ð ~M; ~w;~ξ;~η; gÞ is
Kðv1; v2Þ ¼ −3; Kðv1; v3Þ ¼ −1; Kðv2; v3Þ ¼ −1:

Moreover, the non-vanishing components of Ricci curvature tensor, and scalar curvature are
given by

Ricðv2; v2Þ ¼ −4; Ricðv3; v3Þ ¼ −1þ e−x3=2: (4.4)

ρ ¼ −5þ e−x3=2:

Example 4.2 Let us consider a three-dimensional manifold

~M ¼ ðx1; x2; x3Þ∈R3 : x3 > 0
� 	

;

where (x1, x2, x3) are standard coordinates in R3. We choose the vector fields

v1 ¼ x1
v

vx3
; v2 ¼ x1

v

vx2
; v3 ¼ −

�
e−x1=2

�
x1

v

vx1
;

which are linearly independent at each point of ~M. Let g be the Riemannian metric defined by

gðvi; vjÞ ¼ 0; i≠ j; i; j ¼ 1; 2; 3; gðv1; v1Þ ¼ gðv2; v2Þ ¼ e−x1 ; gðv3; v3Þ ¼ 1:

Let η be the an 1-form defined by

ηðv3Þ ¼ 1; ηðv2Þ ¼ 0; ηðv1Þ ¼ 0; ηðUÞ ¼ gðU ; v3Þ; ∀ U ∈Γ
�
T ~M

�
:

We define the (1, 1) tensor field w by

wðv1Þ ¼ v2; wðv2Þ ¼ −v1; wðv3Þ ¼ 0:

Generalized
Wintgen

inequality



The linear property of g and w yield

ηðv3Þ ¼ 1; w2ðUÞ ¼ −U þ ηðUÞv3;
gðwU ;wV Þ ¼ gðU ;V Þ � ηðUÞηðV Þ;

for any U ;V ∈Γð ~MÞ. Thus, ð ~M;w; ξ; η; gÞ defines an almost contact metric manifold with
ξ 5 v3. Then, we have

½v1; v2� ¼ 0:

Similarly,

½v1; ξ� ¼ ex1=2v1; ½v2; v3� ¼ ex1=2:

The Riemannian connection ∇ of the metric g is given by

2g
�
∇XY ; Z

�
¼ XgðY ; ZÞ þ YgðZ ;XÞ � ZgðX ;Y Þ

�gðX ; ½Y ; Z �Þ � gðY ; ½X ; Z �Þ þ gðZ ; ½X ;Y �Þ:

By Koszul’s formula, we obtain the following:

∇v1v2 ¼ 0; ∇v1v3 ¼
1

2
ex1=2ðx1 þ 2Þv1; ∇v1v1 ¼ −

1

2
ex1=2ðx1 þ 2Þv3;

∇v2v1 ¼ 0; ∇v2v2 ¼ −
1

2
e−x1=2ðx1 þ 2Þv3; ∇v2v3 ¼

1

2
ex1=2x1v2;

∇v3v3 ¼ 0; ∇v3v2 ¼
1

2
ex1=2x1v2; ∇v3v1 ¼ −

1

2
ex1=2x1v1:

Adopting contact transformation

~w ¼ w; ~ξ ¼ e−x1=2ξ; ~η ¼ ex1=2η; ~g ¼ ex1g: (4.5)

ð ~M; ~w;~ξ;~η; ~gÞ is Sasakian manifold. Therefore, ~M is a conformal Sasakian manifold but not
Sasakian, since by the definition, we have�

∇v2w
�
v1 ≠ gðv1; v2Þξ� ηðv2Þv1; (4.6)

for any v1; v2 ∈Γð ~MÞ. By using the above results, we find the non-vanishing components of
Riemannian curvature, Ricci curvature tensor and scalar curvature.

Rðv1; v2Þv2 ¼ −
1

4
ðx1 þ 2Þ2v1; Rðv2; v3Þv3 ¼ −ex1v2; Rðv1; v2Þv3 ¼ 0; (4.7)

Rðv1; v3Þv3 ¼ −ex1v1; Rðv3; v1Þv1 ¼ −v3; Rðv3; v1Þv2 ¼ 0;

Rðv2; v1Þv1 ¼ −
1

4
ðx1 þ 2Þ2v2; Rðv3; v2Þv2 ¼ −v3:

Ricðv1; v1Þ ¼ Ricðv2; v2Þ ¼
1

4
ðx1 þ 2Þ2e−x1 ; Ricðv3; v3Þ ¼ 2e−2x1 : (4.8)

ρ ¼ e−x1
1
2
ð−x1þ2Þ2þ2e−x1½ �:
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Example 4.3. Let R2nþ1 endowed with an almost contact structure (w, ξ, η, g) given by [3]

g ¼ e−2t η⊗ ηþ 1

4

Xn
i¼1

�
dxi
�2 þ �dyi�2n o( )

; ξ ¼ et 2
v

vz

� �
;

w
Xn
i¼1

Xi v

vxi
þ Y i v

vyi


 �
þ Z

v

vz

 !
¼
Xn
i¼1

Y i v

vxi
� Xi


 �
v

vyi
þ
Xn
i¼1

Y iyi
v

vz
;

where t ¼ 1
2

Pn

i¼1ðxiÞ
2 þ ðyiÞ2 þ z2

n o
.

Then, ðR2nþ1;w; ξ; η; gÞ is not Sasakian manifold, but ðR2nþ1; ~w;~ξ;~η; ~gÞ is Sasakian space
form with constant ~w-sectional curvature, where

~w ¼ w; ~ξ ¼ 2
v

vz
; ~η ¼ 1

2
dz�

Xn
i¼1

yidxi

 !
;

~g ¼ η⊗ ηþ 1

4

Xn
i¼1

�
dxi
�2 þ �dyi�2n o( )

:

Therefore, ð ~M; ~w;~ξ;~η; ~gÞ is the conformal Sasakian space form so that ð ~M; ~w;~ξ;~η; ~gÞ is
Sasakian space form of constant ~w-sectional curvature c 5 � 3.

Example 4.4. In [25], it was shown that the warped productR3 fC
n is a generalized Sasakian

space form with

f1 ¼ −

�
f 0
�2

f 2
; f2 ¼ 0; f3 ¼ −

�
f 0
�2

f 2
þ f 00

f
;

where f5 f(t), t ∈R and f0 denotes the derivative of f with respect to t. If we choose n 5 4 and

f(t) 5 et, then ~M is a five-dimensional conformal Sasakian space form.

Example 4.5. Let us consider a 11-dimensional manifold ~M ¼ ðf x1; . . . ; x10; zÞ∈R11 : z≠ 0g,
where (x1, x2, x3, x4, x5, x6, x7, x8, x9, x10, z) are standard coordinates in R11. We choose the vector

fields Ei ¼ e−z v
vxi
; i ¼ 1; 2; . . . ; 10; E11 ¼ e−z v

vz
, which are linearly independent at each point of

~M. We define ~g by

~g ¼ e2zG;

where G is the Euclidean metric on R11. Hence Eif gi¼1;2;...;11 is an orthonormal basis of ~M.

We consider an one-form ~η defined by

~η ¼ ezdz; ~ηðXÞ ¼ ~gðX ;E11Þ; ∀ X ∈Γ
�
T ~M

�
:

We define the (1, 1) tensor field ~w by

~w
X5
i¼1

xi
v

vxi
þ xiþ5

v

vxiþ5

þ z
v

vz


 �( )
¼
X5
i¼1

xi
v

vxiþ5

� xiþ5

v

vxi


 �
:
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Thus, we have

~wðEiÞ ¼ Eiþ5; ~wðEiþ5Þ ¼ −Ei; ~wðE11Þ ¼ 0; 1≤ i≤ 5:

The linear property of g and ~w yield that

~ηðE11Þ ¼ 1; ~w2ðXÞ ¼ −X þ ~ηðXÞE11

~g
�
~wX ; ~wY

�
¼ ~gðX ;Y Þ � ~ηðXÞ~ηðY Þ;

for any X ;Y ∈ΓðT ~MÞ. Thus, ð ~M; ~w;~ξ; ~η; ~gÞ defines an almost contact-metric manifold with
~ξ ¼ E11. Then, we have [E1, E2] 5 0. Similarly, ½Ei;~ξ� ¼ e−zEi, [Ei, Ej]5 0, 1 ≤ i ≠ j ≤ 10.

2~g
�
∇XY ; Z

�
¼ X~gðY ; ZÞ þ Y~gðZ ;XÞ � Z~gðX ;Y Þ

�~gðX ; ½Y ; Z �Þ � ~gðY ; ½X ; Z �Þ þ ~gðZ ; ½X ;Y �Þ:

By Koszul’s formula, we obtain the equations as follows:

∇Ei
Ei ¼ −e−z~ξ; ∇~ξ

~ξ ¼ 0; ∇~ξEi ¼ 0; ∇Ei
~ξ ¼ e−zEi; 1≤ i≤ 10:

Thus, we see that ~M is the conformal Sasakian manifold.

Now, we define a submanifoldM of ~M by the immersion γ as follows:

γðu1;u2;u3;u4;u5;u6;u7Þ ¼ e−z u1;u3;0;
1ffiffiffi
2

p u5;
1ffiffiffi
2

p u6;u2;u4 cosθ;u4 sinθ;
1ffiffiffi
2

p u5;
1ffiffiffi
2

p u6;u7


 �

for 0< θ < π
2
.

It is easy to check that tangent bundle TM¼ SpanfX1;X2;X3;X4;X5;X6;X7g, where

X1 ¼ e−z
v

vx1
; X2 ¼ e−z

v

vx6
; X3 ¼ e−z

v

vx2
; X4 ¼ e−z cosθ

v

vx7
þ sinθ

v

vx8

� �
;

X5 ¼ e−z
1ffiffiffi
2

p v

vx4
þ v

vx9

� �
; X6 ¼ e−z

1ffiffiffi
2

p v

vx5
þ v

vx10

� �
; X7 ¼ e−z

v

vz
:

Using the almost contact structure w, we obtain

~wX1 ¼ e−z
v

vx6
; ~wX2 ¼ −e−z

v

vx1
; ~wX3 ¼ e−z

v

vx7
;

~wX4 ¼ −e−z cosθ
v

vx2
þ sinθ

v

vx3

� �
; ~wX5 ¼ e−z

1ffiffiffi
2

p −
v

vx4
þ v

vx9

� �
;

~wX6 ¼ e−z
1ffiffiffi
2

p −
v

vx5
þ v

vx10

� �
; ~wX7 ¼ 0:

If we consider the distributions as follows:

Dθ1 ¼ SpanfX1;X2g; Dθ2 ¼ SpanfX3;X4g; ξ¼ SpanfX5;X6g:

Then, we have TM¼ Dθ1 ⊕Dθ2 ⊕ CξD. By some computations, it can be verified thatM is bi-

slant submanifold of ~M.
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