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Abstract

Purpose — The purpose of this paper is to propose a semiparametric estimator for the tail index of Pareto-type
random truncated data that improves the existing ones in terms of mean square error. Moreover, we establish
its consistency and asymptotic normality.

Design/methodology/approach — To construct a root mean squared error (RMSE)-reduced estimator of the
tail index, the authors used the semiparametric estimator of the underlying distribution function given by Wang
(1989). This allows us to define the corresponding tail process and provide a weak approximation to this one. By
means of a functional representation of the given estimator of the tail index and by using this weak
approximation, the authors establish the asymptotic normality of the aforementioned RMSE-reduced estimator.
Findings — In basis on a semiparametric estimator of the underlying distribution function, the authors
proposed a new estimation method to the tail index of Pareto-type distributions for randomly right-truncated
data. Compared with the existing ones, this estimator behaves well both in terms of bias and RMSE. A useful
weak approximation of the corresponding tail empirical process allowed us to establish both the consistency
and asymptotic normality of the proposed estimator.

Originality/value — A new tail semiparametric (empirical) process for truncated data is introduced, a new
estimator for the tail index of Pareto-type truncated data is introduced and asymptotic normality of the
proposed estimator is established.

Keywords Extreme value index, Product-limit estimator, Semiparametric, Tail-empirical process,
Truncated data
Paper type Research paper

1. Introduction

Let (X;,Y;),=1,...,N>1beasample froma couple (X, Y) of independent positive random
variables (rv’s) defined over a probability space (Q,.4,P), with continuous distribution
functions (df’s) F and G, respectively. Suppose that X is right-truncated by Y, in the sense
that X, is only observed when X; < Y;. Thus, let us denote (X;, Y;),7 =1, ..., n to be the
observed data, as copies of a couple of dependent rv’s (X, Y) corresponding to the truncated
sample (X;,Y;),7=1,...,N, where n = nyis arandom sequence of discrete rv’s. By the weak
law of large numbers, we have
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n/N ip::P(XgY) = /oo F(w)dG(w), asN — o, 1.1)
0

where the notation — stands for the convergence in probability. The constant p corresponds
to the probability of observed sample which is supposed to be non-null, otherwise nothing is
observed. The truncation phenomena frequently occurs in medical studies, when one wants
to study the length of survival after the start of the disease: if Y denotes the elapsed time
between the onset of the disease and death, and if the follow-up period starts X units of time
after the onset of the disease then, clearly, X is right-truncated by Y. For concrete examples of
truncated data in medical treatments one refers, among others, to Refs.[1, 2]. Truncated data
schemes may also occur in many other fields, namely actuarial sciences, astronomy,
demography and epidemiology, see for instance the textbook of [3].

From [4] the marginal dfs F~ and G corresponding to the joint df of (X, ) are given by

F(x):=p" /O.X G(w)dF(w) and G* (x):==p~! /Ox F(w)dG(w).

By the previous first equation, we derive a representation of the underlying df F as follows:
*dF (w)
Jo Gw)’

F(x)=p 1.2)

which will be for a great interest thereafter. In the sequel, we are dealing with the concept of
regular variation. A function ¢ is said to be regularly varying at infinity with negative index
— 1/n, notation ¢ € RV(-1/n), if

<p(st)/(p(t) S5V ast— oo, 1.3)

for s > 0. This relation is known as the first-order condition of regular variation and the
corresponding uniform convergence is formulated in terms of “Potter’s inequalities” as
follows: for any small € > 0, there exists fy > 0 such that for any ¢ > {y and s > 1, we have

(1—e)s7/ < o(st) /@(t) < (1 + €)s/1. (1.4

See for instance Proposition B.1.9 (assertion 5, page 367) in Ref. [5]. The second-order
condition (see Ref. [6] expresses the rate of the convergence (1.3) above. For any x > 0, we
have

_y Y T/ _
oltr)fo(t) =5 _y, x -1

A ,ast— oo, 1.5)

where 7 < 0 denotes the second-order parameter and A is a function tending to zero and not
changing signs near infinity with regularly varying absolute value with positive index z/5. A
function ¢ that satisfies assumption (1.5) is denoted ¢ € RV,(—1/n;7,A). We now have
enough material to tackle the main goal of the paper. To begin, let us assume that the tails of
both df's F and G are regularly varying. That is

FeRV(-1/y,)and G € RV(~1/y,), withy,, 7, > 0. (1.6)
Under this assumption, [4] showed that
F eRV(-1/y)and G e RV(-1/y), 1.7



where

—_nr2 (19)
Y1t 72

For further details on the proof of this statement one refers to Ref. [7] (Lemma Al). The
estimation of the tail index y; was recently addressed for the first time in Ref. [4] where the
authors used equation (1.8) to propose an estimator to y; as a ratio of Hill estimators [8] of the
tail indices y and y». These estimators are based on the top order statistics X,,_;.,, < ... < X,
and Y, 4, < ... £ Y, pertaining to the samples (Xi,...,X,) and (Y1,...,Y,)
respectively. The sample fraction % = k,, being a sequence of integers such that, k, - co and
k,/n — 0as n — oo. The asymptotic normality of the given estimator is established in Ref. [9].
By using a Lynden-Bell integral, [10] proposed the following estimator for the tail index y;:

1 FV(X), X
W) \.— § : n i i
4 (M) R— I(Xt > M) 1ng,
RS CulX) "

for a given deterministic threshold # > 0, where

FY =] {1 *ﬁ]

Xi>x

is the popular nonparametric maximum likelihood estimator of cdf F introduced in the well-
known work [11]; with

Cn(x) ::% Z I(Xl <x< Yl').
i=1

Independently, [7]used a Woodroofe integral with a random threshold, to derive the following
estimator

1 " F (X)X
~(BMN) __ n n—i+1lmn Io n—i+1lmn 1.9
4 (Xn—k:n) 12:1: Cn(Xn—Hl:n) Xn—k:n ’ ( )

where

F;f><x>==Hexp{‘ ﬁ}

Xi>x
is the so-called Woodroofe’s nonparametric estimator [12] of df F. To improve the
performance of ?I(BMN), [13, 14], respectively, proposed a Kernel-smoothed and a reduced-bias
versions of this estimator and established their consistency and asymptotic normality. It is
worth mentioning that Lynden-Bell integral estimator ?fw)(u) with a random threshold
u = X,_., becomes

/y\(W) - 1 d FLD (Xn—Hl:n)
1

loan—iﬂ;n
F(D (Xn—k:n) =1 C”(Xﬂ—H»l:n) Xﬂ—k:n

n

(1.10)

In a simulation study, [15] compared this estimator with ?I(BMN). They pointed out that both
estimators have similar behaviors in terms of biases and mean squared errors.

Recall that the nonparametric Lynden-Bell estimator F'! was constructed on the basis of
the fact that F and G are both unknown. In this paper, we are dealing with the situation when
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F is unknown but G is parametrized by a known model G, 6 € ® ¢ R%, d > 1 having a density
gy with respect to Lebesgue measure. [2] considered this assumption and introduced a
semiparametric estimator for df F defined by

F,(x:0,)=P.(0,) % Zl% (L11)

n

where 1/P, (8, ) =n"'521,1/G- (X;) and

~

0, =arg max g&(n)/a(m (112)

denoting the conditional maximum likelihood estimator (CMLE) of 8, which is consistent and
asymptotically normal, see for instance Ref. [16]. On the other hand, [2] showed that F,, (x; @,Z)

is an uniformly consistent estimator over the x-axis and established, under suitable regularity
assumptions, its asymptotic normality. [2, 17] pointed out that the semiparametric estimate
has greater efficiency uniformly over the x-axis. In the light of a simulation study, the authors
suggest that the semiparametric estimate is a better choice when parametric information of
the truncation distribution is available. Since the apparition of this estimation method
many papers are devoted to the statistical inference with truncation data, see for instance
Refs. [18-22] and [23].

Motivated by the features of the semiparametric estimation, we next propose a new

estimator for y1 by means of a suitable functional of F,, ( x; §n . We start our construction by
noting that from Theorem 1.2.2 in de [5]; the first-order condition (1.6) (for F) implies that

S S
}Ll’glo m/t log(x/t)dF(x) = y;. (1.13)

In other words, y; may viewed as a functional y,(F), for a large ¢, where
1 (o]
F)=—— log(x/t)dF(x).
V)= | s/

Replacing F by F,, ( ; 9”> and letting f = X),_., yield

o= VX, on (Fn ( 7514))

1 e ~
= I_?n()(n%@)/xn_m log(x/ Xt )dF, (x; 9n>,

(1.14)

as new estimator for y;. Observe that

/oo log(x/t)dF, (x; an)

oo

= 7,(0) /X log £/ X1 (62 X, )dF, (1:0,).

n—kn

which may be rewritten into



Pn(en)l . /m B/ X )12 X,
X,

dl(X;<x)
n =1 n—kn G’;ﬂ (Xl)
—p,(8,) 3 108Xt 1/ Xon)
"= G (Xdiim)

On the other hand, F (X bt gn) equals

n n—k

O e O RL LS

i=1 =1

Hence,
1 n o 1 n—k o
LS 1 () -2 16 ()
F (Xn—k:n ) /e\n) = = .

103°1/G- (Xi,)
i=1 n

P, (3.) 1 Y1/6: (X
i=1

Thereby, the form of our new estimator is

ko, -1
Z (G”g\ (Xn—iJrl:n)) log(Xn—i+1/Xn—k:n>

n

7, ==L — — . (1.15)
> (G K1)

=1

The asymptotic behavior of 7; will be established by means of the following tail empirical
process

F, (JCX n—kny /9\;1)

D, (x; 6, 71) =k (m

This method was already used to establish the asymptotic behavior of Hill’'s estimator for
complete data [5]; page 162) that we will adapt to the truncation case. Indeed, by using an
integration by parts and a change of variables of the integral (1.14), one gets

o Fn (XXn—k:n; b\n)
e [ ee),
1

- x‘l/“) Jforx > 1.

F (i)

and therefore

VB =) = [ D, (5B )ds. 119

1
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Thus, for a suitable weighted weak approximation to D, ( -; 0, 7 ) , we may easily deduce the
consistency and asymptotic normality of 7;. This process may also contribute to the
goodness-of-fit test to fitting heavy-tailed distributions via, among others, the Kolmogorov—
Smirnov and Cramér—von Mises type statistics

D, (x 0,,7, and/ ¥ 6,4,;/1 dx U,

sup
x>1

More precisely, these statistics are used when testing the null hypothesis Hy: “both F and G are
heavy-tailed” versus the alternative one H;: “at least one of F and G is not heavy-tailed”, that is
Hy: “(1.6) holds” versus Hy: “(1.6) does not hold”. This problem has been already addressed by
Refs. [24, 25] in the case of complete data. The (uniform) weighted weak convergence of
D, (x;@,z, yl) and the asymptotic normality of 7;, stated below, will be of great interest to
establish the limit distributions of the aforementioned test statistics. This is out of the scope of
this paper whose remainder is structured as follows. In Section 2, we present our main results
which consist in the consistency and asymptotic normality of estimator 7;. The performance of
the proposed estimator is checked by simulation in Section 3. An application to a real dataset

composed of induction times of AIDS diseases is given in Section 4. The proofs are gathered in
Section 5. A useful lemma and its proof are postponed to Appendix.

2. Main results
The regularity assumptions, denoted [A0], oncernmg the existence, consistency and

asymptotic normality of the CLME estimator 0, given in (1.12), are discussed in Ref. [16].
Here, we only state additional conditions on df G, corresponding to Pareto-type models which
are required to establish the asymptotic behavior of our newly estimator 7;.

(1) [Al]Foreach fixed y, the function 6 — Gy(y) is continuously differentiable of partial

derivatives Gm =:0Gy/30;,7=1,...,d.

@ [42 G, SRV(1/r).

© [43]y ‘EG ( )/Gg(y) = 0,as y — oo, for any € > 0.
For common Pareto-type models, one may easily check that there exist some constants a; > 0,

¢;and dj, such that Géj) () ~¢j(y"¥72 + d;)logy, for all large x. Then one may consider that
the assumptions [A1] —[A3] are not very restrictive and they may be acceptable in the
extreme value theory.

Theorem 2.1. Assume that F € RVa(=1/y1;p1, A) and Gy € RV(=1/y,) satisfying the
assumptions [AQ] — [A3], and suppose that y, < yo. Then on the probability space (Q, A, P), there
exists a standard Wiener process { W (s),0<s <1} such that, for any small 0 < e < 1/2, we have

~ p/n —
D, (x:8,.7) Tl ) — L kA | o
in

supx*
x>1

Drovided that \/EA(ak) = O(1), where
C(x; W)= y xln {xl/VW —1/y) W(l)}
1

1
¥V m / —7/12=L L v (57 MY w ds
X S X X S S s
Y117 0 { ( ) ( )}



is a centered Gaussian process and a,=F e (1=Fk/n), where Senﬁparametlic
. ) tail-index
F(s)=mf{x: F'(x)>s}, 0 <s <1, estimation

denotes the quantile (or the generalized inverse) function pertaining to df F*.

Applying this weak approximation, we establish both consistency and asymptotic normality
of our new estimator 77, that we state in the following Theorem.

Theorem 2.2. Under the assumptions of Theorem 2.1, we have
h—n
=2 / (o Wdx + Aay) / xVn-
1 1

1xﬂ1/71 -1

P M+@@w%

this implies that 7, 5 v1. Whenever VEA(a;) = A < oo, we get

VRG - ) 2N (1),

where 62:=y*(1+y,/7,) (1 + (yl/yz)z) (1—11/7,)° and 1(A) stands for the indicator
Sfunction pertaining to a set A.

3. Simulation study
In this section, we will perform a simulation study in order to compare the finite sample
behavior of our new semiparametric estimator 7;, given in (1.15), with Woodrofee and

Lynden-Bell integral estimators 7; 7BMN) and ?fw), given respectively in (1.9) and (1.10). The
truncation and truncated dlstrlbutlons functions F and G will be chosen among the following
two models:

(1) Burr (y, 8) distribution with right-tail function:
Hx) = (1447 £20,6> 0,7 > 0;

(2) Fréchet (y) distribution with right-tail function:
H(x) =1—exp(—27"),x >0,y > 0.
The simulation study is being made in fours scenarios following to the choice of the
underlying df's F and Gy
) [S1] Burr (y;,6) truncated by Burr (y,, 5); with 6 = (y,,5)
(4) [S2] Fréchet (y,) truncated by Fréchet (y,); with 6 = y»
(5) [S3] Fréchet (y,) truncated by Burr (y,, 6); with 6 = (5, §)
6) [S4] Burr (y;,6) truncated by Fréchet (y,); with 8 = y

To this end, we fix § = 1/4 and choose the values 0.6 and 0.8 for y; and 55% and 90% for the
portions of observed truncated data given in (1.1) so that the assumption y; < y» stated in
Theorem 2.1 holds. In other words, the values of p have to be greater than 50%. For each
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Figure 1.

Absolute bias (left two
panels) and RMSE
(right two panels) of 7;

(black) and 7\"™™ (red)

and ?gw)(blue),
corresponding to two
situations of scenario
S1:(y; = 0.6,

» =55%) (top two
panels) and (y; = 0.6,
p =90%) (bottom two
panels) based on 1000
samples of size 300

couple (y;, ), we solve the equation (1.1) to get the pertaining y»-value, which we summarize
as follows:

(b,71,72) = (65%,0.6,1.4), (90%,0.6,5.4), (55%,0.8,1.9), (90%,0.8,7.2). (3.17)
For each scenario, we simulate 1000 random samples of size N = 300 and compute the root
mean squared error (RMSE) and the absolute bias (ABIAS) corresponding to each estimator

71 ?I(BMN) and ?fw). The comparison is done by plotting the ABIAS and RMSE as functions
of the sample fraction 2 which varies from 2 to 120. This range is chosen so that it contains the
optimal number of upper extremes £* used in the computation of the tail index estimate.
There are many heuristic methods to select &*, see for instance Ref. [26]; here we use the
algorithm proposed by Ref. [27] in page 137, which is incorporated in the R software
“Xtremes” package. Note that the computation the CMLE of 6 is made by means of the syntax
"maxLik” of the MaxLik R software package. The optimal sample fraction &* is defined, in
this procedure, by

. S A o A
K i=argmin - Z]: [7(1) — median{7(1), ..., 7(R)}I,
for suitable constant 0 < w < 1/2, where 7(z) corresponds to an estimator of tail index y, based
on the ¢ upper order statistics, of a Pareto-type model. We observed, in our simulation study,
that w = 0.3 allows better results both in terms of bias and RMSE. It is worth mentioning that
making N vary did not provide notable findings; therefore, we kept the size IV fixed. The finite
sample behaviors of the above-mentioned estimators are illustrated in Figures 1-8. The
overall conclusion is that the biases of three estimators are almost equal, however, in the case

of medium truncation (p~50% ), the RMSE of our new semiparametric 7; is clearly the
smallest compared that of 7™ and 7). Actually, the medium truncation situation is the

most frequently encountered in real data, while the strong truncation (p > 50% ) remains, up

o
N T —
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. o
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2 z
o Te)
S — .
P T T T T T T T g T T T T T T T
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k k
_ o
? -
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= _ s o |
3 8 Z ° -
. o ]
g | =
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to our knowledge, theoretical. In this sense, we may consider that the semiparametric ~Semiparametric

estimator is more efficient than the two other ones. We point out that the two estimators

) have almost the same behavior which actually was noticed before by Ref.[15].
The optimal sample fractions and estimate values of the tail index obtained through the three

1

/};(BMN) and /};(lw

estimators are given in Tables 1-4.
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Figure 2.

Absolute bias (left two
panels) and RMSE
(right two panels) of 7;
(black) and 7\®™™ (red)

and 71" (blue),
corresponding to two
situations of scenario
Sl : (71 = 08)

» = 55%) (top two
panels) and (y; = 0.8,
» =90%) (bottom two
panels) based on 1000
samples of size 300

Figure 3.

Absolute bias (left two
panels) and RMSE
(right two panels) of 7;

(black) and 7®™™ (red)

and ?%W)(blue),
corresponding to two
situations of scenario
Sz : (y; = 0.6,

» = 55%) (top two
panels) and (y; = 0.6,
p =90%) (bottom two
panels) based on 1000
samples of size 300
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Figure 4.

Absolute bias (left two
panels) and RMSE
(right two panels) of 7;
(black) and 7" (red)
and ﬁw) (blue),
corresponding to two
situations of scenario
Sz (1 =038,

» = 55%) (top two
panels) and (y; = 0.8,
p =90%) (bottom two
panels) based on 1000
samples of size 300

Figure 5.

Absolute bias (left two
panels) and RMSE
(right two panels) of 7;
(black) and 7"V (red)

and 71" (blue),
corresponding to two
situations of scenario
Szt (y1 = 0.6,

» = 55%) (top two
panels) and (y; = 0.6,
b =90%) (bottom two
panels) based on 1000
samples of size 300
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4. Real data example

In this section, we give an application to the AIDS data set, available in the “DTDA” R
package and the textbook of [28] (page 19) and already used by Ref.[1]. The data present the
infection and induction times for » = 258 adults who were infected with HIV virus and
developed AIDS by June 30, 1986. The variable of interest here is the time of induction T of the
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disease duration which elapses between the date of infection M and the date M + T of the
declaration of the disease. The sample (73, M), ..., (T,, M,) are taken between two fixed
dates: “0”and “8”,1.e. between April 1,1978, and June 30, 1986. The initial date “0” denotes an
infection occurring in the three months: from April 1, 1978, to June 30, 1978. Let us assume
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Figure 6.

Absolute bias (left two
panels) and RMSE
(right two panels) of 7;
(black) and ?(IBMN) (red)

and 7" (blue),
corresponding to two
situations of scenario
S5t (r1 = 0.8,

» = 55%) (top two
panels) and (y; = 0.8,
» =90%) (bottom two
panels) based on 1000
samples of size 300

Figure 7.

Absolute bias (left two
panels) and RMSE
(right two panels) of 7;
(black) and 7\*™™ (red)

and 71" (blue),
corresponding to two
situations of scenario
S4 : (}’1 = 06‘

» = 55%) (top two
panels) and (y; = 0.6,
p =90%) (bottom two
panels) based on 1000
samples of size 300
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that M and T are the observed rv’s, corresponding to the underlying rv’s M and T, given by
the truncation scheme 0 < M + T < 8, which in turn may be rewritten into

0<M<S, 4.18)
— o
S 4
< 4 o
o " -
. _
0
52 = S
< O ] X o i
o
2 T T T T ST —T 1
o
Figure 8. 20 40 60 80 100 0 20 40 60 80 100
Absolute bias (left two k
panels) and RMSE
(right two panels) of 7; _
(black) and 7" (red) S 4 o
~(W) = o
and7,"(blue), o B
corresponding to two ) — I
situations of scenario <2 2w
Si:(r; =08, <2 4 x °
» = 55%) (top two | n
panels) and (y; = 0.8, g | - |
» =90%) (bottom two S T T T T T SEE T T T T T
panels) based on 1000 ° 20 40 60 80 100 0 20 40 60 80 100
samples of size 300 B
Table 1.
Optimal sample R R R
fractions and estimate e+ 71 ke 71< BN k* 71( W
values of the tail index
71 = 06basedon 1,000 S1 44 0.600 41 0.599 40 0.600
the four scenarios S3 21 0.601 20 0.601 19 0.599
with p = 0.55 S4 30 0.603 27 0.600 25 0.598
Table 2.
Optimal sample N ) N R
fractions and estimate k¥ 71 k* }’1<BMN) k* Yl(w)
values of the tail index
71 = 0.6 based on 1,000 S1 82 0.610 82 0611 82 0611
Samp]es of size 300 for S2 37 0.640 37 0.640 37 0.640
the four scenarios S3 46 0.633 37 0.625 37 0.625
with p = 0.9 S4 52 0.610 52 0.610 52 0.610
Table 3.
Optimal sample R R R
fractions and estimate k* 71 ke 71< BN R 71( W
values of the tail index
71 = 0.8 based on 1,000 S1 59 0.799 57 0.800 54 0.799
the four scenarios S3 24 0.802 22 0.798 22 0.801
with p = 0.55 S4 51 0.799 52 0.800 50 0.801




where S:=8 — T. To work within the framework of the present paper, let us make the
following transformations:

X:=L and YV:= 1

ST e Wie 419

where e = 0.05 so that the two denominators be non-null. Thus, in view of (4.18), we have
X <Y, which means that X is randomly right-truncated by Y. Thereby, for the given sample
(T, My, ..., (T,, M), from (T, M), the previous transformations produce a new one (X3, ¥7),
oo Xy, V) from (X ).

Let us now denote by F and G the df’s of the underling rv’'s X and Y corresponding to the
truncated rv’s X and Y, respectively. By using parametric likelihood methods, [29] fits both
df’s of M and S by the two-parameter Weibull model, this implies that the df’s of F and G by
may be fitted by two-parameter Fréchet model, namely H, ) (x) = exp(—a’x™"),x>0,a >0,
7> 0, hence both F and G are heavy-tailed. The estimated parameters corresponding to the
fitting of df G are @y = 0.004 and », = 2.1, see also[1] page 520. Thus, one may consider that df
G is known and equals Gy = H,,,), where 6 = (ao,7y). By using the Thomas and Reiss
algorithm, given above, we compute the optimal sample fraction %* corresponds to the tail
index estimator ¥; of df F is y;. We find

E =19, X,y = 0.356and7, = 0.917. (4.20)

The well-known Weissman estimator [30] of the high quantile, g, :=F_1(1 —0p),
corresponding to the underling df F is given by

v -n
21\1; ::Xn—k:n = v N )
<Fn (Xn—kn)>

where v = 1/(2n) and F,, is the semiparametric estimator of df F of X given in (1.11). From the
values (4.20), we get g, = 0.061. Let us now compute the high quantile of T based on the
original data, 77, ..., T}, Recall that P(X >¢,) =vand X = 1/(8 — T + ¢), this implies that
P(T>1/q,—8+ €¢) = v, this means that 1/g, — 8 + ¢ is the high quantile of T, which
corresponds to the end-time £,,; that we want to estimate. Thereby 7,y = 1/q,-8+107% =
1/0.061 —8 + 1072 = 8.40, the value the end time of induction of AIDS is: 8 years, 4 months and
24 days.

5. Proofs

5.1 Proof of Theorem 2.1

Let us first notice that the semiparametric estimator of df F given in (1.12) may be rewritten
into

. N [
Fn (-x; gn) = Pn (@1) = n( )a (521)

0o G (w)
b 7 e ?1<BMN) b ﬂ(W)
S1 90 0.804 90 0.806 90 0.807
S2 34 0.845 34 0.846 34 0.846

S3 40 0.831 40 0.831 40 0:831
S4 71 0.814 71 0.814 71 0.815

Semiparametric
tail-index
estimation

Table 4.

Optimal sample
fractions and estimate
values of the tail index
y1 = 0.8 based on 1,000
samples of size 300 for
the four scenarios
with p = 0.9
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and 1/P, (A) =I5 dF w)/G«( ), where F*( ):i=n"15""  1(X; <w) denotes the usual
empirical df pertaining to the observed sample X, ..., X,. It is worth mentioning that by
using the strong law of large numbers P, (Gn) — P(0) (almost surely) as n — oo, where

=1/ dF w) /Gy (w) (see e.g. Lemma 3.2 in Ref.[2]. On the other hand from equation

(1.2), we deduce that p =1/ [i” dF * (w)/G(w), it follows that p = P(6) because we already
assumed that G = Gy. Next we use the distribution tail

dF *
P(0) / (5.22)
and its empirical counterpart

F(x:0,) = 7,(6,) “féi_év“’))

We begin by decomposing &~ 12p, ( %0, ) for x > 1, into the sum of

xXn ny On | — xXn— nve

Mnl =X -Un ( " ) ( " )
F(JCX —b: n)

_1/},1F (xXn—k_:n; 6) - F(xXn—k:n)
F(XX n—k:n)

F(xXn—k:n) Fn (Xn—k:n? 0) - F(Xn—k:n)
Fn (Xn—k:n ; 6) F(Xn—k:n)

M 4(.%) — _F(xXn—k:n) _ x_l/yl Fn(xXn—ﬁH 9) - F(“/“Xvn—k:n)
" Fn (Xn—k:m 6) F(XXn—k:n)

I

Mn9 (X)

I

Mng (X) = =

)

and B
F(xXn—k:n )
F(X n—k:n)

M,5(x):= —x7n,
Our goal is to provide a weighted weak approximation to the tail empirical process
D, (x;@z; yl). Let &:=F*(X;),i = 1, ..., n be a sequence of independent and identically

distributed rv’s. Recall that both df's F and Gy are assumed to be continuous, this implies
that F is continuous as well, therefore P(& <u) = u, this means that (&i)iz1,, are

uniformly distributed on (0, 1). Let us now define the corresponding uniform tail empirical
process

a,(s)=Vk(U,(s) —s), for0<s<1, (5.23)

where

)=k Z 1(& < ks/n), (5.24)

=1

denotes the tail empirical df pertaining to the sample (&;),_, . In view of Proposition 3.1 of [31],
there exists a Wiener process W such that for every 0 < e < 1/2,



sup sl (s) — W(s)| 20, asn — oo (5.25) Semiparametric

0<s<1

Let us fix a sufficiently small 0 < e < 1/2. We will successively show that, under the first-order
conditions of regular variation (1.6), we have, uniformly on x > 1, for all large »:

\/;;an(x) = lxl/yz W(t—l/y) + l/]/ W(t_72/7)dt + op (x% (%‘%) *‘) (5.26)

71 71
and
VEM,g(x) = —x~/n <yl W(l) +yl/ W(t‘””)dt) +op(xV/n), (5.27)
1 1)1
while
()
VEM,; (x) = op (x7V/nte), VEM,,(x) = op [+ \7 7 , (5.28)
and
/. —
w5(X) =x" S ap) +op(x~/1). .
VEM 1n? ; L kA i (5.29)
171

Throughout the proof, without loss of generality, we assume that ae = ¢, for any constant
a > 0. We point out that all the rest terms of the previous approximations are negligible
in probability, uniformly on x > 1. Let us begin by the term M,; (x) which may be made
into

%(Xn—k:nw) + Gy (Xy—at)

F(xXn—k:n "

-1/n . o
:_xipn(en) / _ 1 AF" (X ppontt).
F(xXn—k:n) X G/G\(Xn—k:nw) GQ(Xiz—k:nw)

a7 ’ (@n)( * dF, (X -tat) mdF;(Xn_km)

Applying the mean value theorem (for several variables) to function 6 — 1/Gy(-), yields
d =

L _ _1 = Z(Qi_ﬂ - 491-) (i‘)z (Z), foranyz > 1,

(2) Golz) ‘= G,(2)

-9

where 8, is such that éi_n is between 0; and @_n, fori =1, ..., d, therefore

x*l/}’l

d =)

a 2 “ Gy (X n—k:n ok

Mnl(x) = ——Pn (en) Z(ez - ez) / Man(Xn—k:nw)-
F(xX ) pa v Gy(Xpntt)

Recall that by assumptions (1.6) and [A2] both Gy and ﬁﬁf) are regularly varying with the

same index (—1/y,) and, on the other hand, X,,_., L and w > 1 imply that X,,_p.,w 5 0.
Applying Pooter’s inequalities (1.4), we get

tail-index
estimation
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— — (@)

Gy(Xo-tnt0) = (1+ op(1))w™V/r2te = Gy (Xopmtt)

§~ (X - ) P _El) )
0\ n—k:n Gg (Xn—k:n)

it follows that
51 /n

éé (Xn—k:n )F(-xXn—k:n)

_ / W AF (X, pth).

X

Under some regularity assumptions, [16] stated that \/ﬁ(ﬁn - 9) is asymptotically a

centered multivariate normal rv, which implies that 6;,, — 6; = Op (n71/2) and thus 0, Lo
On the other hand, by the law of large numbers P,,(0) 5 P(0)asn — oo, then we may readily

~\ P L . .
show that P, (Hn) = P(0) as n — oo as well. Note that since 6, is a consistent estimator of 6

then 6, is too. Then by using the fact that X,,_s., L and both conditions [A1] and [A3], we
show readily that
(@)

—e P X n—kn
(X n—k:n) M
0, (Xn—k:n)

Ql

P
—0, asn — oo,

]

and Gy(X,—) /@@’Z(Xn_km) 2 1. In view of Lemma Al in Ref. [7], we infer that X, 1, =
(1 +0p(1))(k/n)77, thus

M, (x) = (k/n)"“op (n™/*) M, (x),

where

~ x_l/i’lP 2
Mnl (x) ( )

__ P / WV dF (X pgot).
G0 (Xn—k:n )F(XXn—k:n) X

Making use of representation (5.22), we write

e -1
Mnl (x) = x_l/“ < N GH(ank:") dF (Xnk;nW)>

o

Gg(X,kaw) F (ank:n)
X / " ttrmeg EaEnctat) )
* F (Xn—k:n)

Once again by using the routine manipulations of Potter’s inequalities, we show that the first
integral in (5.30) is equal to

® F*(Xn—k:nw)
(1 +op(1)) / w!/rere/2g - nkn )
r X F(Xn—k:n)

(5.30)



An integration by parts to the previous integral yields

yl/rate/2 F;*(Xﬂ—kinx) + (1/72 + 6/2) /oo w1/72+é/2—1[i*(X”_k:”w) dw.
F (Xn—k:n) x F (Xn—k:n)

Recall that from (1.7),we have I € RV(_;,), then

F* (Xn—k:nw) _1 2
—_— = (1 + OP(l))w Jr+e/ ,
F (Xn—k:n)

uniformly on w > 1. Therefore, the previous quantity reduces into

(14 0p(1)) (1 + 41_/{;;362){1/?1“.

Thereby the first expression between two brackets in (5.30) equals Op (xl/ n ‘f). Let us
consider the second factor in (5.30). By similar arguments as used for the first factor, we show
that

gtrerel2 EaEockad) |y 4oy / itz EaEnctentd) g,
F (Xn—k:n) X F (Xn—k:n)

multiplied by (1 + op(1)), uniformly on x > 1. From Lemma 7.1, we have
F:; (Xn—k:nw)

A =0 —1/;/+e/27
P Xy P

which implies that the previous expression equals Op (x~1/71*), thus M, (x) = Op (x71r+e)
and therefore

VM, (x) = (k/n)" 7 Op (x7V07).

By assumption k/n — 0, it follows that v/ZM,; (x) = op (x~/71%¢) which meets the result of
(5.30). Let now consider the second term M, (x) which may be rewritten into

_x_l/y1 k/” F(Xn—k:n) éé' (Xn;kn)/F* (Xn—k:n)

F (Xn—k:n) F(xXn—k:n) F(Xn—k:n)

« EQ(Xn—k:n) dF;(Xn—knw) _F* (Xn—k:nw)
X ﬁ49(Xvn—le:nw) k/i’l '

In view of Potter’s inequalities, it is clear that
F(X n—k:n)
F* (Xn—k:n)/GG (Xn—k:n)

P ¥
- =P
» ()

and
F(Xn—k:n) _P) x”“ )

F(xXn—k:n)

Semiparametric
tail-index
estimation




AJMS Smirnov’s lemma (see, e.g. Lemma 2.2.3 in Ref. [5] with the fact that . (X n_k:n)ifk 1. Imply
that % &1, LA 1, hence % F (X,_pn) = 1 + 0p(1). Therefore,
Y ® G(} (Xn—k:n) F; (Xn—k:nw) - F* (Xn—k:nw)

MMZ(x) = _(1 + OP(I)) }/_1 x Gg(Xn—k:nw) ! k/” |

On the other hand, using an integration by parts yields
Moo(x) = (14 0p(1) 7 (M () + M ().

where

M,(ZIZ) (x) — /mFZ(Xnk:nw) - F* (Xn—k:nw) d_GF)(Xn—k:n)
X k/n G9 (Xn—k:nw)

and
_ CG(Xn—k:n) F;(Xn—k:nx) - F* (XXn—k:n)

MY (x):=— )
" (x) GH (Xn—k:nx) k/?’l

By using the change of variables t = Gg(X,_z:n)/Go(Xn_pnt), it is easy to verify that

* N[ e = _ e = _
M) (x) = /@,(xn_kv,,) T {Fo(Gy (1= GolX)t™)) = F (G5 (1= GolXon)t™)) e

Go(Xp—_n®)
Observe that
MU = [ (G0,60) - 8,600
. Go(X—ten)
Go(Xp_pn®)
where 8,,(t;0):=2F (G (1 - Gy(X,-1,)t"")) and U, are the tail empirical df given in (5.24).
Thereby,

VEM (x) = /(> o, (9,(£:0))dt,
Go (X pen)

with a,, being the tail empirical process defined in (5.23). Let us decompose the previous
integral into

/E (an(9,(1:0)) — W (9,(1:0)))dt + /_ W (9,(;0))dt
Go(Xy—ten) So(Xy—tin)

Go (X ) Go (Xy—fen®)

=S, + R,

By applying weak approximation (5.25), we get
_ ” PN
S, = op(1) /Eg(xnim) (9,(:0))/dt.

Go(Xp—pn)



Observe that F (G; (1-Go(Xpepn))) = F'(X,_pn), thereby Semiparametric

e _ ) tail-inde

Fi(Ge (1- Gi(Xn—k:n)f 1)) estimatioi
F* (G’;}_ (1 - GH(Xn—k:n)))

1912(t; 9) = F*(Xn—k:n)

n
k

It is easy to check that F- (G5 (1="-)) €RV(ry/7), then once again by means of Pooter’s
inequality, we show that &, (¢; 0) = (1 + op(1))t772/7*¢, therefore

@ _ 1/2—
S, = op(1) /6 NG
Gy (X, )

By using an elementary integration, we get

Sy = op(1) (_Eﬂx_k)

(=r2/r+€)(1/2—€)+1
GH (Xn—k:nx)>

11
= op <x575+5>.

By replacing y by its by its expression given in (1.8), we end up with

The term R,, may be decomposed into

K o
/, o WO [ WO,(50)dt = Ra + R
0\ A n—tn x\/r2
Go (X ) ’

It is clear that

1/ra
(W@.&O)I| [ e
Tl <) P @) ([ Jaww OEOVE
>— N—R:n

Go(Xy—en®)
Gﬂ(xﬂ*k:flx) " "

Itis ready to check, by using the change of variables 9, (¢; @) = s, that the previous first factor
between the curly brackets equals

w w
sup W)l Es)| < sup W) ES)|.
0<s<BF (X, _pxs0) S 0<s<tF (X, pi6) >
From Lemma 3.2 in Ref. [31] supy.s<;s~°| W (s)| = Op(1), for any 0 < § < 1/2, then since
NF (X s 0) /R LN 1, as # — oo, we infer that
sup s W(s)] = Op(1).

0<S<UF" (X, :0)

for all large #. On the other hand, we already pointed out above that
8,(t:0) = (1 +op(1))172/7,
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which implies that the second factor is equal to

xl/re /e
~r2/r+e\€ 7p — —era/7+e
Op(1) /EB(Xn—k'n) (t ) di = Op(1) /EQ(XH_;,-H) t a,
Go(X,ypn) Go(X,ypn)

which after integration yields

— —€yy/y+e+l
Op(l) _GG (Xn—k:n) i (x_l/y)—672/7+5+1 )
GH (Xn—k:n-x)

Recall that from formula (1.8), we have yo/y > 1, then by using the mean value theorem and
Pooter’s inequalities, we get R,y = op(x~). The second term R, may be decomposed into

Rip = /oo (W(’-gn(t? o)) — W(fn/y))dt'F/w W(t’VZ/V)dt.

1/79 /2

From Proposition B.1.10 in Ref. [5], we have with high probability,
cn(t;0) := |19,,(l‘; 0) — t_”/y| <et™"¢ as n— oo, (6.31)

this means that sup,..;Sup,. ,1/¢x(£; 0) 5 0,as # — co. This implies by using Levy’s modulus
of continuity of the Wiener process (see, e.g. Theorem 1.1.1 in Ref. [32]) that

W (8,(t0)) — W (£727)| <23/es(E; 0)log(1 /6, (£; 0)),

with high probability. By using the fact that log s < es™ ¢, for s | 0 together with inequality
(5.31), we show that

‘W(&,Z(t; 0)) — W(t‘”/’)] < 2et~re/r=9/2

/ Y o2y
X2

Recall that the assumption y; < y» together with equation 1/y = 1/y; + 1/ys, imply that
72/ (2r) > 1, thus —(yy/7 — €)/2 + 1 < 0, therefore | [, 72/7=9/2dt| = op (x71/1=). Then
we showed that

uniformly on ¢ > x%/72, it follows that

/ " (W(,(t:0)) - W(t’”/’))dt‘ — op(1)

1/r9

e}

R, = op(x ) andR,; = / W (t7/7)dt + op (x™1/1179),

x/r2

hence

)

VMY (2) =R, + S, = /

)

It is clear that

<_l_€) _ <1 (l_l) +€) _ ntrntidan <0.
71 2\r2 n 27172



then Semiparametric

. ) (L_L) N tailindex
\/];Mlez) (x) = /1/ | W(t—yz/}’)dt +op|a\2zn . estimation

By using similar arguments, we end up with

VEM) (x) = &/ W (t777) + op (x‘%ﬁ) ;

therefore, we omit further details. Finally, we have

tol—

VMo (x) = L aew (= + L [ w(eeyde+ op (x (+) “) .

71 V1 Jalire

Let us now focus on the term M,3(x). From the latter approximation, we infer that

ViM,»(1) =k Fn(Xn_k;;( )9() _k.};(Xn_k:n)

(5.32)

=Twa +1/ W (£72/7)dt + op(1),
71 71J1

which implies that

Fn (Xn—k:n; 9) - I?(Avafl—k:n)
F(Xn—k:n)

vk = Op(1).

In other words, we have

Fn (Xn—k:n; 9)

uk =14+ 0p(FV?). 5.33
FXom) e (+") 339

The regular variation of F(-) and (5.33) together imply that

F(XXn—k:n)

= =471 4 op (27t 5.34
Fn (Xn—k:n; 9) F ( ) ( )

By combining the results (5.32) and (5.34), we get

VEM,5(x) = —x7V/72 (l W(1) + l/ W(t‘yz/y)dt> +op (x71ne).
71 711

For the fourth term M,,4(x), we write

\/EMWL(?C) _ _F(xXn—k:.n) B x’l/“ \/‘E Fn(xXn—Ez;g) - F(xXn—k:n) )
Fn (Xn—k:m 9) F(XXn—k:n)

From (5.34) the first factor of the previous equation equals op (x‘l/ n +5). On the other hand,
the change of variables s = 772/ yields

U

W (e = / s (s)ds,
0

xl/r2 V2



AJMS Since supy;.15~ 7> €| W (s)| = Op(1), then we easily show that

/m W (£72/")dt = Op (x% (VL‘%)“> :

1/r2

it follows that v&M,,» (x) = Op (xﬁ (ET> +E> as well. Therefore,

Fn(x}(n—k:n; 0) - F(xXn—k:n) _ Ly % (%‘%) +e _ Lie
\/Zc F(XXn—k:n) - IOP ! B OP (xzy )

Hence, we have
1 5 (Lfi) +e
\/‘EMn (x) = op (x71/71+6)01) (x?‘”) =op|a*\2 7 )
By assumption, F satisfies the second-order condition of regular variation (1.5), this means

that for

lim F(tx)/F(t) —atin = x’l/hM
f7e A(t) Pin
for any x > 0, where p; < 0 is the second-order parameter and A is RV(p,/r;). The

uniform inequality corresponding to (5.35) says: there exist #, > 0, such that for any ¢ > 7,
we have

(6.35)

|F(tx) /F(t) — 7t/ - x_]/hxpl/}’l 1
| A1) e

see for instance assertion (2.3.23) of Theorem 2.3.9 in Ref. [5]. It is easy to check that the latter
inequality implies that

‘ < ex—1/71+/)1/71+€7

VEM,5(x) _\/'E<F(Xn_k;n) o )

nin _ 1 -1
= x_l/ylxi \/];A(Xn—k:n) + op <x—1/}’1L \/];A<X”_k1”)) :
PN P

Recall that @, = F* « (1 —k/n) and notice that X,,_s.,/ax 21 as 7 — oo, then in view of the
regular variation of A, we infer that A(X,,_z.,) = (1 + op(1))A(a;). On the other hand, by
assumption \/IEA(ak) is asymptotically bounded, therefore

P

win -1 VEA(az) + op (x7/1).

VEM,5(x) = x7V/n
1N



To summarize, at this stage, we showed that Semiparametric

D\ Y w2 L W tail-index
Dn(x,e) = XMW (¢ 7)+h /xw2 W (£72/7)dt estimation
U (l W(l) _;'_l/ W(t-?z/}')dt>
71 Y1J1

1
_1_96—1/71300'0T \/EA(dk) +¢(x),

2

FUA— ) +e . .
where ¢(x) = o0p (x7V/17) + op (x7/11) + 0p | ¥ (’2 ’1) ™). By using a change of variables,

we show that sum of the first three terms equals the Gaussian process I'(x; ) stated in
Theorem 2.1. Recall that y; < y, and

1(1 1)
—|———) +e<0,
2\r2 n

(1) .
then it is easy to verify that ¢(x) = op <x2 <’2 ”)+ > It follows that
IR Prat e |
29D, (x,0) =T(x; W) —xV/nZ———VEA(a }
{ ( ) ( ) i (@)
(1 1) 9
= op (xz (” ”)+2 ) = op(1),

uniformly on x > 1, therefore

supx* =op(1),

x>1

R nin _ 1
D, (x; 0) —T(x; W) — x‘l/“% VEkA(ay)

for any sample 0 < € < 1/2, which completes the proof of Theorem 2.1.

5.2 Proof of Theorem 2.2
From the representation (1.16), we write

/7\1 -1 = T+ Tw + Tni%

where

oo R 1/ _
Ta :=k_1/2/ x‘l{Dn (x; 0; yl) —T(x; W) — x—l/")Ll \/l;A(ak)}dx
1 pin

TnZ = 71/2/ x_lr(x; W)dx
1

and ,
o P1/71 —
T3:= —A(ak)/ x—l/h—ludx_
1 P in
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Using Theorem 2.1 yields T,; = op Y i) f1°° 1 1edy = op (k_l/ 2) = op(1). SinceE|W
(s)] <s'/2, then it is easy to show that [;°x'T'(x; W)dx = Op(1), it follows that Tz =
Op (k_l/ 2) = op(1). Using an elementary integration, we get 7,3 = A(a;)/(1 —p;) which
tends to zero as # — oo, because @, — oo and |A| is regularly varying with negative index.

P S . .
Therefore, 7; = 71, as # — oo which gives the first result of Theorem. To establish the
asymptotic normality, we write

VEG, = 11) = VET s + VET ) + VET 3,

where
\/};Tnl = OP(I), \/}—eTnZ = / x_lr(x; W)dx
1
and
VT, — VEA(@)
L=p

Note that ['(x; W) is a centered Gaussian process and by using the assumption
VEA(ay) = A < oo, we end up with

V7 — 1) EN(lipl’E{/lw 2T (x; W)dxr).

By elementary calculations (we omit the details), we show that

E {/lm x70(x; W)a’x}2 =

6. Conclusion

On the basis of a semiparametric estimator of the underlying distribution function, we proposed a
new estimation method to the tail index of Pareto-type distributions for randomly right-truncated
data. Compared with the existing ones, this estimator behaves well both in terms of bias and
RMSE. A useful weak approximation of the corresponding tail empirical process allowed us to
establish both the consistency and asymptotic normality of the proposed estimator.
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0, we haveF n*Xn-k:nwF*Xn-k:n=0Pw-1/X+X/2,uniformly on w=1.Proof. Let
Vntkn—-1Yi=1n1Xi ...",5,1,1,0>Appendix
Lemma 7.1. For any small € > 0, we have
F:l (Xn—k:nw)

i = Op (w2 uniformily onw > 1.
F (Xn—k:n) ( )

Proof. Let V,(t)=n"13"",1(&<t) be the uniform empirical df pertaining to the sample
&=F * (X;),7=1,...,n, of independent and identically distributed uniform(0, 1) rv’s. It is clear that,
for an arbitrary x, we have V, (F * (x)) =F : (%) almost surely. From Assertion 7 in Ref. [33] (page 415),
V,u(t)/t = Op(1) uniformly on 1/z < t < 1, this implies that

F(Xopntt)

2 = Op(1), uniformly onw > 1. 7.36
F (Xn—k:nw) P( ) v ( )

_k
On the other hand, by applying Potter’s inequalities (1.4) to ' , we get

F (X, , ,
M =0Op (w‘l/ rhe/ 2) , uniformly onw > 1. (7.37)
F (X n—k:n)
Combining the two statements, (7.36) and (7.37), gives the desired result. O
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